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Calculate

1
/[; x]n(\/1+:r—\/1—$)ln(\/1+x+\/1—9:)da:.

Solution 2 by Arkady Alt, San Jose, CA
Solution A.

Let [ \/1—|—3:—+—\/1—m)ln(\/1+x—\/1—$)dr

o\_‘

1

1
Th0n4Izfxln(J1+x+\/1—:r)2]n(\/1+a:—\/1—m)Qd:r::fmu(a:)v(:r)d:r,
where u (z) = In (2+2m) =In (2 2@) '

Since u (x) + v (z) = In (42%) = 21In (2z) then

W2 (2) + 0% (2) + 2u (2) v (z) = 412 (22) = u(2)v (z) = 2In? (22) — 2) +v* (2)
1 1 1 2
and, therefore, 41 = 2]1:1112 (2x) dx — % (/ zu? (z) dx + ].’E‘Uz () d:::) .
0 0 0
1. Usmg substitution and integration by parts we obtain
2
2]1:111 (2z) dx = [t = 2x;dt = 2dx] = 2/tln()d:ln 2—%ftlntdt:
0 0
1
In?2 —In2+ 3
2. Lett=2+2y1—22. Since zdx = _{t=2)dt then

1 2 4
1 1
/:ruz(:r)dmzzf—(t—2)ln2tdtzzf(t—2)ln2tdt.
0 4 2

2 —1)dt
3. Lett=2-—2v1— z2. Since xdng

1 2 2
1
/ xv? (z) dz= / —t)In? tdt = -1 / (t — 2)In? tdt.
0 0 0

1 1 4 2
Hence % (/ zu? (z) dz + /:m:z (z) da:) = % (/ (t —2)In® tdt — f (t —2)In? tdt) =

0 0 2 0

4 2
1
—| [ (t=2)In*tdt —2 [ (t —2)In® tdt) .
(/ /

0

then

n-h-li—‘



Using integration by parts twice we obtain
2

t
I=t—2up=— —2t 2
/(t—2)1n2tdt: P P Int :(%—2t)ln2t—](t—4)lntdt:
2
g=In"t;¢d = —

t
t2 5 t2 t2
4 £2 £2 2 4
Since] (t—2)In? tdt = ((E—Qt) In%t — (5—%) lnt+z—4t) =8In4—12
0

0
and

2 2 2 2 2
/(t—g)ln%dt: S-2t)?t— (S —4t)mt+ - —4t) —6m2-2w2-7
0

0

1 1
1 2 2 _ 1 2 —
then 3 (O/xu (:r:)d:r—ﬁ—h/:w (:r)d:t) = §(81n4—12—2(61n2—2111 2—7)) =

1 1 1
—In2+-In*2+ = .

2 2 4
1 1 1 1 1 3 1
Thoreforc,4len22—ln2+2—(2ln2+21n22+4):21n22—21n2+4
1 3 1
I=-In?2—-"In2+—~-0.1
gIn g2+ 1% 0.13737
Solution B.

Letu(m)zln(\/1+:c+\/1—x), v(:r:)zln(\/1+:r—\/1—$) and
1

I= /:B’b: (z)v(z)dx.

0

1
Calculation of /:I: (u2 (z) + v? (:c)) dz.
0

1. Let t =1+ 2+ +/1 —z. Then u? (z) = In?t and
t2 —2
2=2+4+2V1-2% < ——=V1-2?

2
—xdx t(t?—2)
ield tdt = ——= dr = ————=dt.
yie A — xdx 5

1 2
t(t? -2 1
Hence, ja:uz (z)dzr = — / % In? tdt = 2 / t (t2 — 2) In? tdt;
0 V2



2. Let t = v/1+ x — /1 — z. Then v? (z) = In?¢ and

2 — t2
2 =92-9V1—22 «— 5 = 2v/1 — 2

- t(2—1t?)
ield —tdt = ——=dxr <= xdr = ——=dt. Hence,
Y V1 — 2?2
1 V2 V2
2
]:ruz (z)dr = / t(th) In? tdt = % / ln tdt
0 0 0

S

and we obtain [ z (u2 (z) + 2v? (:r)) dr = - 2) In? tdt — t (t2 — 2) In? tdt =

SO _
S
§\w
~
—
~
b | =
S

V2

2
%/ ln tdt — / (2—2)ln2tdt.
0

0

Using integration by parts twice we obtain we obtain
4

t
/ 3 2
p=t2—-2t; p=——1
] t(t2 —2) In? tdt = A _
2 , nt
g=1In t;q:T

t4 t3
E— 1n2t—/ 5—21‘ Intdt =

AT tt t°
(Z—t )ln t—(g—t)lﬂt+/(§—t) dt =
(g—t2)1n2t—(§—t2)lnt+(;—;—g).
Hence,
t(t2—2)1n2tdt:((§—t2) ln2t—(g—tz)lnt+(%—g)):zﬂrﬂ—;

(=D = (V- V2 miva- (ﬁ-f)l Vit (‘ﬂ ) -

\& St~

8 32

1
In2 - -1n?2— 3 and, therefore,

4

= wo

er—l

x (u2 (z) + v? (:r)) dx

O

3\ (3 1, T\



1 1
1 (1n22+ln2+§).

Since (using integration by parts again )
1

1 1] 1 (¢ n\>
mlnz(Qm)dm:—f2x1n2(2x)-2dx:—/ﬂn%dt:— — (1n2t—lnt+—) =
1) 1) 4\ 2 2/),

1 1/1 1
29 _ _ =_ (= 2 -
(111 2 ln2+2) then I 5 (2 (111 2—In2+ ) 1 (111 24+ mn2+ - )

n?22—-3In2+ %) ~ —0.13737.
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